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Parametrized Surfaces

We have defined curves in the plane in three different ways :

e Explicit form : y = f(x)
e Implicit form : F(x,y) =0
e Parametric vector form : r(t) = f(t)i+ g(t)j, a<t<gq
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Parametrized Surfaces

We have analogous definitions of surfaces in space:

e Explicit form : z = f(x, y)
e Implicit form : F(x,y,z) =0

There is also a parametric form that gives the position of a point on the
surface as a vector funtion of two variables.

We now extend the investigation of surface area and surface integrals to
surfaces described parametrically.
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Parametrizations of Surfaces

Let

r(u,v) = f(u,v)i+ g(u, v)j+ h(u, v)k (1)
be a continuous vector function that is defined on a region R in the
uv-plane and one-to-one on the interior of R.

v u = constant
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Parametrizations of Surfaces

We call the ragnge of r the surface S defined or traced by r, and 1
together with the domain R constitute a parametrization of the surface.

The variables u and v are the parameters, and R is defined by inequalities
of theforma<u<b,c<v <d.

The requirement that r be one-to-one on the interior of R ensures that S
does not cross itself.

Notice that is the vector equivalent of three parametric equations :

x="f(u,v), y=g(u,v), z=h(u,v).
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Our goal is to find a double integral for calculating the area of a curved
surface S based on the parametrization

r(u,v) = f(u,v)i+g(u,v)j+ h(u,v)k, a<u<b, c<v<d,

We need to assume that S is smooth enough for the construction we are
about to carry out.

The definiton of smoothness involves the partial derivatives of r with
respect to v and v:

r—ﬂ—gi+a—g'+%k r—ﬂ—gi-l-a—g'-l-@k
Y 0u Ou auJ Ou Y Ov Ov 8vJ ov
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A parametrized surface

r(u,v) = f(u,v)i+ g(u,v)j+ h(u, v)k

is smooth if r, and r, are continous and r, X r, is never zero on the
parameter doamin.

Now consider a small rectangle AA,, in R with sides on the lines
U= ug,u=up+Au.v=wvnand v=vwva+ Av.

z

Cov=w P Cyl it =1y

5
/ﬂﬂ-u v =g+ Av

= ug + Au
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Each side of AA,, maps to a curve on the surface S, and together these
four curves bound a “curved area element” Aoy, .

In the notatoin of the figure, the side v = vy maps to curve (i, the side
u = up maps to Gy, and their common vertex (up, vo) maps to Pp.

Figure shows an enlarges view of Aoy,. The vector r,(ug, vo) is tangent to
(1 at Py.
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Likewise, r,(uo, vo) is tangent to G, at Py. Here is where we begin to use
the assumption that S is smooth. We want to be sure that r, x r, # 0.

We next approximate the surface element Ao, by the parallelogram on
the tangent plane whose dises are determined by the vectors Aur, and

Avr,.
Fy
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The area of this parallelogram is

|Aur, X Avr,| = |r, X ry,|AuAv. (2)

A partition of the region R in the uv-plane by rectangular regions AA,,
generates a partition of the surface S into surface area elements Aoy, .
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We approximate the area of each surface element Aoy, by the

parallelogram in 2 and sum these areas together to obtain an
approximation of the area of S:

ZZ Iru X ry|AuAv. (3)

As Au and Av approach zero independently, the continuity of r, and r,
guarantees that the sum in 3 approaches the double integral

d b
/ / [ru X ry| du dv.
c a

This double integral gives the area of the surface S.
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Parametric Formula for the Area of a Smooth Surface

The area of the smooth surface

r(u,v) =f(u,v)i+g(u,v)j+ h(u,v)k, a<u<b, c<v<D

d rb
/ / [ru X ry| du dv.
C a

Surface Area Differential :

do = |r, x r,| du dv

Differential Formula for Surface Area

J/.¢=
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Surface Integrals

Having found the formula for calculating the area of a parameterized
surface, we can now integrate a function over the surface using the
parametrized form.

If S is a smooth surface defined parametrically as
r(u,v) = f(u,v)i+g(u,v)j+ h(u,v)k, a<u<b, c<v<d

and G(x,y, z) is a continuous function defined on S, then the integral of
G over S is

/[5 Glxy,2) do= /Cd /ab G(f(u,v),g(u,v), h(u,v)) |ru x ry| du dv.
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Exercises

Exercise 1.

In the following exercises, find a parameterization of the surface. (There
are many correct ways to do these, so your answers may not be the same
as those of others.)
1. The paraboloid z = x> 4+ y?,z < 4
2. Cone frustum : The first-octant portion of the cone z = \/x% + y?/2
between the planes z =0 and z = 3.

3. Cone frustum : The portion of the cone z = 2+/x? + y? between the
planes z=2 and z = 4

4. Spherical cap : The portion of the sphere x* + y? + z2 = 4 in the first
octant between the xy-plane and the cone z = \/x2 + y?

5. Spherical band : The portion of the sphere x> + y? + z°> = 3 between
the planes z = —/3/2 and z = \/3/2

v
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Solution for Exercise 1

1. In cylindrical coordinates, let x = r cos@,y = r sinf, z = (1/x2 + y2) = r?. Then
r(r,0) = (rcos8)i+ (rsin6)j+ r’k,0 < r <2,0 <6 < 27.

/21?2
2. In cylindrical coordinates, let x = rcos theta,y = rsinf,z = X;y =>z= % Then
r(r,0) = (rcos0)i+ (rcos)i+ (rsin0)j+ (5) k. For0<z<3,0<5<3=0<r<6;
to get only the first octant, let 0 <0 < 7.

3. In cylindrical coordintes, let x = rcosf,y = rsinf; z = 2\/x2 + y2 = z = 2r. Then
r(r,0) = (rcos@)i+ (rsin@)j+2rk. For2 <z<4,2<2r<4=1<<r<2 and let
0<6<2r.

4. In cylinrical coordinates, r(r,0) = (rcos®)i+ (rsin8)i+ (rsin0)j + v4 — r2k (see
Exercise 5 above with x? 4+ y? 4+ z2 = 4, instead of x2 + y? + z2 = 9). For the first
octant, let 0 < 9 < % For the domain of r2: z=+/x?+y? and
Ay +22 =424y 4+ (VX2 +y?) =4=2203+y)=4=2r =4 =r=+/2.
Thus, let V2 < r < 2(to get the portion of the sphere between the cone and the xy-plane).

5. In spherical coordinates,
x=psingcosd,y =psinf,p=+/x2+y2+22 = p? =3==+/3= z=+/3cos ¢ for
the sphere; z = % =1/3cos¢ = cosp = % >¢=73iz= —% = \/gcosqﬁg <¢p< %’T
and 0 < 027.
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Exercises

Exercise 2.

In the following exercises, find a parameterization of the surface. (There
are many correct ways to do these, so your answers may not be the same
as those of others.)

1. Parabolic cylinder between planes : The surface cut from the
parabolic cylinder z = 4 — y? by the planes x = 0,x =2, and z=0
2. Circular cylinder band : The portion of the cylinder y? + z> = 9
between the planes x =0 and x = 3
3. Titled plane inside cylinder : The portion of the plane x+y+z =1
(a) Inside the cylinder x> + y?> =9
(b) Inside the cylinder y? + z> = 9
4. Circular cylinder band : The portion of the cylinder
y2 + (z — 5)? = 25 between the planes x = 0 and x = 10
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Solution for Exercise 2

1. Since z =4 — y?, we can let r be a function of x and y = r(x,y) = xi + yj+ (4 — y?)k.
Thenz=0=0=4—y2 =y =42 Thus, let —v/2<x<+v2and0<z<3
2. When x = 0, let y2 + z2 = 9 be the circular section in the yz-plane. Use polar coordinates
in the yz-plane = x2 =2 = x = 2. Thus, let —v2 < x < V2 and 0 < z < 3.
3. (a) x+y+z=1=z=1—x—y. In cylindrical coordinates, let x = rcosf and
y=rsin0=z=1—rcosf —rsind = r(r,0) =
(rcosf)i+ (rsin0)j+ (1 —rcos® — rsinf)k,0 <0 <2rand 0 < r <3.

(b) In a fashion similar to cylindrical coordinates, but working in the ya-plane instead of
the xy-plane, let y = ucosv,z = usinv where u = \/y? + z2 and v is the angle
formed (x, y, z), (x,0,0), and (x, y,0) with (x,0,0) as vertex. Since
x+y+z=1=x=1—y—z=x=1—ucosv— usinv, then ris a function of
uand v=r(u,v)=(1—ucosv— usinv)i+ (ucosv)j+ (usinv)k,0 < u <3 and
0<v<2r

4. Lety =wcosv and z=wsinv. Then y?2 4 (z = 5)2 =25 = y? + 22 — 10z =0
= w?cos? v+ w?sin?v — 10wsinv = 0= w? — 10wsinv=0= w =0 or w = 10sin v.
Now w = 0 = y = 0 and z = 0, which is a line not a cylinder. Therefore, let

w = 10sinv = y = 10sin vcos v and z = 10sin? v. Finally, let x = u. Then
r(u, v) = ui+ (10sin v cos v)j + (10sin® v)k,0 < u < 10 and 0 < v < 7.
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Exercises

Exercise 3.

In the following exercises, use a parametrization to express the area of the
surface as a double integral. Then evaluate the integral.

1. Titled plane inside cylinder : The portion of the plane y + 2z = 2

inside the cylinder x*> + y?> =1

Plane inside cylinder : The portion of the plane z = —x inside the
cylinder x> + y?> = 4
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Solution for Exercise 3

1.

Let x = rcosf and y = rsin6. Then
r(r,0) = (rcosf)i+ (rsin0)j+ (%)KO <r<1and

0<0<2r=r, = (cos)i+ (sin6)j — (Tf’) k and
rg = (—rsin0)i+ (rcos0)j — (#)k

i i k
=1 Xrg=| cosb sin 6 —siné
—rsinf rcosf —resf

2

_ (—rsin29c056 + (SIHQ)(FCOSG)) i+ (rsi;ze + rcosZG)j_,’_(rcosZa_i_rsinZ G)k: %j—&-rk
= [r X rg| = +r2 = l\f’d do = [ ‘Z’] do = [Z"do =
Vi

2
Let x =rcosf and y = rsinf = z=—x=—rcosf,0<r<2and0<6<2xw. Then
r(r,0) = (rcos )i+ (rsinf)j — (rcos@)k = r,
= (cos 6)i + (sin0)j — (cosO)k and rg = (—rsin )i+ (rcosB)j+ (rsind)k

i j k
cos 0 sinf  —cosf
—rsind rcosf rsinf
= (rsin?6 4 rcos? )i+ (rsinf cos @ — rsin 6 cos theta)j + (r cos? 6 + rsin? 0)k = ri + rk
2

=Sl xrl=VvViE+ri=r/2=A= f027r f02 r2drd0 = f27r0 [ﬂTﬂ]Ode =

JZ72v2d0 = 4nv/2

= Iy Xrgp =

P. Sam Johnson Parametrized Surfaces 19/58



Exercises

Exercise 4.

In the following exercises, use a parametrization to express the area of the
surface as a double integral. Then evaluate the integral.

1. Cone frustum : The portion of the cone z = 21/x? + y? between the
planes z =2 and z = 6

2. Circular cylinder band : The portion of the cylinder x> + y?> =1
between the planes z =1 and z = 4

3. Parabolic band : The portion of the paraboloid z = x2 4 y2 between
the planesz =1 and z = 4
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Solution for Exercise 4

1. Letx=rcosOandy =rsind = z=2y/x2+y2=2r,1<r<3and0 <6 <27 Then
r(r,0) = (rcos )i+ (rsin0)j+ 2rk = r, = (cos 0)i + (sin 0)j + 2k and

i ] k
rg = (—rsin@)i+(rcosf)j = r, Xrg =| cosf sin 6 2| = (—2r cos 6)i — (2r sin 6)j+ (r cos? 0 +r sin 6)k
—rsinf rcosf 0

= (—2rcosf)i — (2rsin6)j+ rk = [r, X rg| = \/4r2 cos2 6 + 4r2sin2 0 4+ r2 = V5r2 = r/5
2 3
= A= [27 = [27 r\/Bdrd0 = [2T [—’ ;/5]1 do = [27 4v/5d0 = 8m/5

2. Letx:rcc)sOandy:rsinGér2:)<2-%-y2

=1,1<z<4and0< 6 < 27. Then
r(z,0) = (cos Q)i+ (sin0)j+ zk = r; =k and rg =

(—sin )i + (cos 0)j

i i k
=rg Xt =|—sinf cosf 0‘:(cos@)i+(sin9)j:>\r9 X rz| = /cos2 0 +sin2 0 =1
0 0 1

= A= [?"0[}1drdo = [37 3d60 =6m

3. Letx =rcos@,y =sin6 and z:x2+y2 = r2. Then
r(r6) = (rcos )i+ (rsin 0)j + Pk1<r<20<6<2r=r = (cos B)i + (sin 0)j + 2rk and
rg = (—rsin0)i + (rcos 0)j
i j k
cos O sin 6 2r
—rsinf  rcos6 0

2
=Vartcos? 0 +4rtsin2 0 + 2 = r/4r2 + 1 = A= [3™ [2r\/4r2 + 1dr dO = [F™ [ﬁ(MZ + 1)3/2]1 do
= J3 (A5 g = F(17VIT - 5v5)

=1 Xrg = = (—2r? cos 0)i — (2r%sin 0)j + rk = |r, X rg|
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Exercises

Exercise 5.

In the following exercises, use a parametrization to express the area of the
surface as a double integral. Then evaluate the integral.

1. Sawed-off sphere : The lower portion cut from the sphere

x? 4 y? 4 z2 = 2 by the cone z = \/x2 + 2
Spherical band : The portion of the sphere x> + y? 4+ z> = 4 between
the planes z = —1 and z = /3

v
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Solution for Exercise 5

1. Let x = psingcosf,y = psin@, and z = pcos¢ = p = \/x2 + y2 + z2 = \/2 on the sphere. Next,
x2+y2+22:23ndz: X2+y2:>22+22:2:>22:1:>z:15ince220:>¢:%.Fortfhelowe
portion of the sphere cut by the cone, we get ¢ = 7. Then

1o, 0) = (\/Esinecose)wr (ﬂsin¢sin9)j+ (V2cosg)k, F <o <mo<o<or
=ry = (ﬂcosecose) i+ (ﬁcosd)sin@)j— (\/Esin d)) k, and rg = (—\/isin¢sin9)i+ (ﬂsinq&cose)j

i i k
=1y = \/Ecosgbcose \/§cos¢sin9 —\/§sin¢
—\/Ecos¢>c059 \/§cos¢sin9 0

= (2sin? ¢ cos 0)i + (2sin? G sin 6)j + (2sin ¢ cos )k
= |rg X rg| = V4sin ¢ cos? 0 + 4sin® ¢sin2 0 + 4sin2 ¢ cos? ¢ = \/4sin2 ¢ = 2|sin | = 2sin¢
= A= [§7 [T, 2sin ¢ddd0 = [F7(2+ V2)dO = (+2+ V)7

2. Letx = psingcosf,y = psinpsin@, and z= pcos¢ = p = \/x2 + y2 + 22 = 2 on the sphere. Next,

z=—-1= 71:2cos¢§cos¢:7% = ¢ = 2T"";z:\/§:>\/§:2c<:rs<z>:>co's<15: §¢: %.Then
(¢, 0) = (2sin ¢ cos )i + (2sin ¢sin 0)j + (2cos p)k, T < ¢ < ZT”,OS 6 < 2m.

= 1y = (2cos ¢ cos 0)i + (2cos ¢ sin 0)j — (2sin ¢)k and
rg = (—2sin ¢ sin 0)i + (2sin ¢ cos 0)j

i j k
= rg X rg = | 2cos ¢cos 2cospsind  —2sing
—2sin¢sin®  2sin ¢ cos O 0

= (4sin? ¢ cos 0)i + (4sin? ¢ sin 6)j + (4sin ¢ cos )k
= |rp X rg| = \/165in? ¢ cos? 0 + 16sin? $sin? 6 + 16sin? ¢ cos? ¢ = \/165in? ¢ = 4| sin ¢| = 4sin ¢

= A= 27 ffr’/’f 4sin pdpdd = [27(2 +2v/3)d0 = (4 + 4V3)
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Exercises

Exercise 6.

The tangent plane at a point Py (f (uo, vo), & (uo, vo) , h(uo, vo)) on a
parametrized surface r (u,v) = f (u,v)i+ g (u,v)j+ h(u,v)k is the
plane through Py normal to the vector r, (ug, vo) X r, (uo, vo), the cross
product of the tangent vectors r, (up, vo) and r, (ug, vo) at Po.
In the following exercises, find an equation for the plane tangent to the
surface at Py. Then find a Cartesian equation for the surface and sketch
the surface and tangent plane together.
1. Cone : The cone
r(r,0) = (rcosf)i+ (rsinf)j+rk,r >0,0 <6 <27 at the point
Py (\/5, V2, 2) corresponding to (r,0) = (2,7/4)
2. Hemisphere : The hemisphere surface
r(¢,0) = (4singpcosf) i+ (4sinpsinf)j+ (4cosp) k,0 < ¢ <
/2,0 < 0 < 27, at the point Py (\/§7 \/5, 2\/5) corresponding to
(6,0) = (n/6,7/4) J
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Solution for Exercise 6

1. The parameterization r(r, 6) = (rcos 0)i + (rsin 6)j + rk at
Po=(V2,V2,2) = 0= T,r=2,1, = (cos )i+ (sin 0)j + k = Y2i + L2j+ k
rg = (—rsin0)i + (rcos0)j = —V2i + V2j
. i K
V2/2 1
-2 V2 o0

= —V2i — V2j+ 2k :>_the tangent plane is
0 = (—V2i — V2j+ 2k)[(x — V2)i+ (y — V2)i + (z — 2)k]| = V2x + V2y —2z =0, 0r x + y — 2z = 0.

= Xrg =

The parameterization r(r, ) = x = cos@,y = rsinf and z = r = x2 +y? = r? = 22 = the surface is
z=/x2+ y2.

2. The parameterization r(¢, ) = (4sin ¢ cos 0)i + (4 sin ¢ sin 0)j + (4 cos ¢)k at
Py =(v2,v2,2v/3) = p=4andz=2V3=4cos¢p = ¢ = T;andy = V2= 0 = Z. Thenr,

= (4 cos ¢ cos 0)i + (4 cos ¢ sin 0)j — (4sin p)k = v/6i + v/6j — 2k and
rg = (—4sin ¢ sin 0)i + (4sin ¢ cos 0)j

i j K
= —V2i+V2jat Py = rp Xrg = V6 V6 —2| = 2v/2i + 2v/2j + 4/3k = the tangent plane is
-2 V2 0

(2V2i + 2v/2] + 41/3k) - [(x—\/§i+(y—\/§)j+(z—2\/§)k] =0= V2x + v2y +2v3z = 16, or

x +y + V62 = 8v/2. The parametrization = x = 4sin ¢ cos @,y = 4sin ¢psin 0, z = 4 cos ¢ => the surface is
)(2-¢—y2+z2 =16,z > 0.
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Exercises

Exercise 7.

In the following exercises, find an equation for the plane tangent to the
surface at Py. Then find a Cartesian equation for the surface and sketch
the surface and tangent plane together.
1. Circular cylinder : The circular cylinder
r(0,z) = (3sin20) i + (6sin?0) j + zk,0 < 0 < T, at the point
Po (3v/3/2,9/2,0) corresponding to (0,z) = (m/3,0) (See Example
3)
2. Parabolic cylinder : The parabolic cylinder surface
r(x,y) = xi +yj — x>k, —00 < x < 00, —00 < y < 00, at the point
Py (1,2, —1) corresponding to (x,y) = (1,2)
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Solution for Exercise 7

1. The parametrization r(6,z) = (3sin 20)i + (6sin? §)j + zk at
Py = (32£, %,O) ==0= 7 and z = 0. Then rg = (6 cos 20)i + (12sin 6 cos 0)j
= —3i+3V3janed r, =k at Pp = —3i+3v3jand r, =k at Py

i ] k
=rg xr;=|—3 3v3 0|=3v3i+3j= the tangent plane is
0 0 1

(\/§X +y= 9.) The parametrization = x = 3sin 26

and y = 6sin? 0 = x? + y? = 9sin? 20 + (6sin? 9)3
= 9(45sin? 0 cos? 0)+36sin* 0 = 6(65sin% 0) = 6y = x>+y>—6y+9 =9 = x>+ (y—3)2 =9
2. The parametrization r(x,y) = xi + yj — x’k at

Py=(1,2,-1)=r,=i—2xk=i—2kand r, =jat Py
i k
=rcxr,=|1 0 =2 =2i+k = the tangent plane is
0 1 0
(2i4+K) - [(x— )i+ (y = 2)i + (z+ k] = 0
=2x+z=1.
The parametrization = x = x,y = y and z = —x? = the surface is z = —x?

P. Sam Johnson Parametrized Surfaces



Exercises

Exercise 8.

(a) A torus of revolution (doughnut) is obtained by rotating a circle C in
the xz-plane about the z-axis in space. (See the accompanying
figure). If C has radius r > 0 and center (R,0,0), show that a
parametrization of the torus is

r(u,v) =((R+ rcosu)cosv)i+ ((R+ rcosu)sinv)j+ (rsinu) k,

where 0 < u < 27 and 0 < v < 27 are the angles in the figure.
(b) Show that the surface area of the torus is A = 4%Rr.
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Solution for Exercise 8

(a)

(b)

An arbitrary point on the circle C is x,z) = (R+ rcosu, rsinu) = (x,y, z) is on the trus
with x = (R4 rcosu)cosv,y = (R + rcosu)sinv, adn
z=rsinu,0<u<2r,0<v <27
ry = (—rsinucosv)i — (rsinusinv)j+ (rcos u)k and
rv = (—(R+ rcosu)sinv)i+ ((R + rcosu) cos v)j
i j k

=r,Xr, = —rsinucosv —rsinusinv rcosu

—(R+rcosu)sinv (R4 rcosu)cosv 0
= —(R + rcosu)(rcosvcosu)i— (R+ rcosu)(rsinvcosu)j+ (—rsin u)(R + rcos u)k
= |ry X ry|? = (R + rcos u)?(r? cos? v cos? u + r?sin? vcos® u + r?sin u) = [ry, x r,| =
r(R + rcos u)
= A= f027T OZW(rR + r? cos u)dudv = 02" 27R dv = 4n?rR
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Parametrization of a surface of revolution

Exercise 9.

Suppose that the parametrized curve C : (f (u), g (u)) is revolved about
the x-axis, where g (u) > 0 for a < u < b.

(a) Show that
r(u,v)=f(u)i+ (g(u)cosv)j+ (g (u)sinv)k

Is a parameterization of the resulting surface of revolution, where

0 < v < 27 is the angle from the xy-plane to the point r (u, v) on the
surface. (See the accompanying figure). Notice that f (u) measures
distance along the axis of revolution and g (u) measures distance
from the axis of revolution.

(b) Find a parametrization for the surface obtained by revolving the curve
x = y2,y >0, about the x-axis

v
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Solution for Exercise 9

(a) The point (x,y, z) is on the surface for fixed x = f(u) when y = g(u)sin (5 — v) and
z=g(u)cos (5 —v) = x = f(u),y = g(u) cos v, and
z=g(u)sinv = r(u,v) = f(u)i+ (g(u) cosv)j+ (g(u)sinv)k,0 < v <2m,a<u<b
(b) Let u=y and x = u? = f(u) = v’ and
g(u) = u=r(u,v) = t?i + (ucosv)j+ (usinv)k,0 < v < 2m,0 < u.
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Parametrization of an ellipsoid

(a) Recall the parametrization x = acosf,y = bsin0,0 < 6 < 27 for the
ellipse (x?/a*) + (y?/b?) =(Section 3.9, Example 5 ). Using the
angles 6 and ¢ in spherical coordinates, show that
r(6,¢) = (acosfcos )i+ (bsinfcosd)j+ (csing)k is a
parametrization of the ellipsoid (x?/a%) + (y?/b?) + (2°/c?) = 1.

(b) Write an integral for the surface are of the ellipsoid, but do not
evaluate the integral.
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Solution for Exercise 10

(a)

(b)

2 . 2 2
Let Wzi—z =1 where w =cos¢ and Z =sing = % + {)—2 = cos? ¢ = % = cos¢cos® and
¥ = cos¢sin@

= x =a cosfcosp,y = bsinfcos¢, and z = csin¢

= r(0,¢) = (a cosBcos )i+ (bsinbcos)j+ (csinp)k

rg = (—asin 6 cos ¢)i + (bcos b cos ¢)j and
ry = (—acosBsin ¢)i — (bsinfsin ¢)j + (c cos )k

i ] k
=rg X ry = |—asinfcos¢ bcosfcosg 0
—acosfsing —bsinfsing ccos¢

= (bc cos 0 cos? ¢)i + (acsin 0 cos? ¢)j 4 (absin ¢ cos p)k
= |rg X rng|2 = b2c? cos?  cos® ¢ + ac?sin? O cos* ¢ + a?b? sin ¢ cos? p, and the resulth
follows. A = f027r 02” [ro X rg|dpdl =

f027r JoT[a%b? sin? ¢ cos? ¢ + b2c? cos? 0 cos* ¢ + a2c? sin? 6 cos* ¢|t/2dp do
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Hyperboloid of one sheet

(a) Find a parametrization for the hyperboloid of one sheet
x? + y? — 22> = 1 in terms of the angle 0 associated with the circle
x? 4+ y? = r? and the hyperbolic parameter u associated with the
hyperbolic function r? — z? = 1.(Hint: cosh? u — sin h?u =1.)

(b) Generalize the result in part (a) to the hyperboloid
(x2/a%) + (y?/b?) — (2%/c?) = 1.
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Solution for Exercise 11

(a) (0, u) = (cosh ucos )i+ (cosh usinb)j + (sinh u)k
(b) r(0,u) = (acosh ucos )i+ (5cosh usinb)j + (csinh u)k
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Exercises

1. (Continuation of the above exercise.) Find a Cartesian equation for
the plane tangent to the hyperboloid x* 4 y? — z?> = 25 as the point
(x0,Y0,0) , where x3 + y& = 25.

2. Hyperboloid of two sheets : Find a parametrization of the hyperboloid
of two sheets (z22/c?) — (x*/a%) — (y?/b?) = 1.

v
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Solution for Exercise 12

1. ¢(0,u) = (5cosh ucos0)i+ (5cosh usin)j+ (5sinh u)k = rg =
(=5 cosh usin 0)i+ (5 cosh u cos 0)j and r, = (5sinh ucos )i+ (5sinh usin 8)j+ (5 cosh u)k
i j k
=rg Xr, = |—5coshusinf 5coshucosf 0
5sinh ucos 5sinhusin®  5coshu
= (25 cosh? u cos 0)i + (25 cosh? usin §)j — (25 cosh usinh u)k. At the point (xp, yo,0),
where Xg +y§ = 25 we have 5sinhu =0 = u =0 and xp = 25cos 8, yg = 25sin 0 = the
tangent plane is
5(xo0i + yoj) - [(x — x0)i+ (v — y0)i +2zk] = 0 = xox — xZ + yoy — y2 = 0 = xox + yoy = 25

2 ) > 2
2. Letf_—z—wzzlwheref:coshuand w:smhu:>w2::—2+}l;—2:>g:wcoseand
y <
> = wsinf
b

= x = asinhucosf,y = bsinhusinf, and z = ccosh u
= r(0, u) = (asinh ucos )i+ (bsinh usin 0)j + (c cosh u)k,0 < 0 < 27, —co < u < o©
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Exercises

1. Find the area of the surface cut from the paraboloid x*> 4+ y?> — z = 0
by the plane z = 2.

2. Find the area of the portion of the surface x*> — 2z = 0 that lies above
the triangle bounded by the lines x = \/3,y =0, and y = 3 in the
xy-plane.

3. Find the area of the cap cut from the sphere x> + y? + z> = 2 by the

cone z = \/x% + y2.

v
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Solution for Exercise 13

1. p=kVFf =2xi+2yjk = |V = /(2x)2 + (2y)2 + (-1)2 = /4x2 + 4y2 + 1 and
|Vf fl=1z=2= x2+y? = 2thus S = fRf‘lvafL‘dA Jr [ /4% +4y2 1 1dx dy
:fRf\/4r2c050+4r25|n 0+ 1rdr d6 = 0 fof\/4r2+1r dr df =
2T L (ar? +1)3/2] do
__ 27 13 __ 13
_fo gdG—?ﬂ'

2. p=KkVFf=2xi—2k = |Vf|=v4x2+ 4 =2x2 + 1 and
IVfpl=2=S= [ [ Jq|VfpldA
_fRf2VX L dxdy = foffo Vx2 + 1dydx = O‘fxx/x2 ldx = [%(x2+1)3/2]8/§:

HORSEE T
3 3
3. p=kVFf =2xi +2yj +2zk = |Vf| = /4x2 +4y2 +4z2 =+/8 =22 and
Vipl=2z;x2+y24+22=2and z= /52 + y2 = x2 4+ y2 = 1; thus,
[Vf.p y? y? y
v
S= o (ErbdA= [ [ B2dA=V2 [, [ LdA
lrdr d9 2 _
—\ffRfmA ff f ffﬂ 1+\/§)d9—27"(2*\/§)
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Exercises

1. Find the area of the portion of the paraboloid x = 4 — y?> — z? that
lies above the ring 1 < y? + z> < 4 in the yz-plane.

2. Find the area of the surface x> — 2Inx + /15y — z = 0 above the
square R : 1 < x <2 0<y <1, in the xy-plane.

3. Find the area of the surface 2x3/%2 + 2y3/2 — 3z = 0 above the square
R:0<x<1,0<y<1, in the sy-plane.
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Solution for Exercise 14

1. p=iVFf=i+2yj+2zk = |Vf| = /12 + / +(2a)2 = \/1+ 4y2 + 422 and
|Vf pl=1:1<y?4+2<4=5= fRf"VVf",‘dA Jo [ /1 +8y? + 422dy dz =
fl \/1 + 4r2cos? 0 + 4r2 sm2 Or dr do
2 [2VI T A dr df = [27 [ S (1+4r2)%2] ) d6 = [T L (17VIT7 — 5v/5)d6
g(17\/ —5v/5)
2. p=kVFf =(2x — 2)i+ VI55-k = |Vf| = \/(2x— %)2 + (V15)2 + (—1)2 =
\/4><2+8+% :\/(2><—|—2)2:2><—‘,-g onl<x<2and|Vfp/=1
|V
=5= fRflvfildA Jr J(2x +2x1)dx dy
= [} Ji@x+2xYdx dy = [J[x*+2 Inx]3dy = [;(3+2 In2)dy =3+2 In 2
3. p—ka—3\/>7i+3\/}7j 3k = |VFfl=vOx+9y +9=3yx+y+1and |VFfp =3
=S5= fRfl‘vvf dA = fRf\/x—i—y—i— dxdy—fofox/x-‘,-y-l— Idx dy =
Jo [5( X+y+1)3/2]
=fo [3lr+2)¥2 - %(}’4- 132) dy = [#(y +2)%2 — (v +1)%?]; =
£ [(3)%/2 = (2)°/2 = (22 +1] = {£(9V3 - 8V2+1)
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Exercises

Find the area of the surfaces in the following exercises.

1. The surface cut from the bottom of the paraboloid z = x* + y? by
the plane z = 3

2. The portion of the cone z = \/x? + y? that lies over the region
between the circle x> + y? = 1 and the ellipse 9x*> + 4y? = 36 in the
xy-plane . (Hint: Use formulas from geometry to find the area of the
region.)

3. The Surface in the first octant from the cylinder y = (2/3) z3/2 by
the planes x =1 and y = 16/3.

4. The portion of the plane y + z = 4 that lies above the region cut
from the first quadrant of the xz-plane by the parabola x = 4 — z>

v
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Solution for Exercise 15

1. f(sy)—2x (X, y) =2y =[R2+ 2+ 1=/4x2+4y2 + 1= Area =
JV/A4x% +4y? + 1dx dy =
jg" foﬁ VAT 1r dr do = T(13V13 - 1)

2 Kloy)= Zo Xy = e = R R 1= [+ s 1=
V2 = Area fRXy J V/2dx dy = /2(area between the ellipse and the
circle)= /2(6m — 7) = 57v/2
3. y:§z3/2:>fX(X,z):O,fZ(X,a):zl/2:>\/fXZ—Q—fZZ—l—l:\/z—&—l;y:?:13—3:
%23/2 =z=4= Area :f04f01 vz + 1dx dz:fo4 Vz+1sz = %(5\/5—1)
4. y=4—z=f(x,2)=0,F(x,a) = —-1=/F2+f2+1=v2=> Ara =
2 p4-2° 2
o, [V2dA = [2 [47% V2dx dz = V2 [ (4 — 22)dz = 162
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Exercises

1. Use the parametrization

r(x,z) =xi + f(x,z)j+ zk

And Equation (5) to device a formula for do associated with the explicit from
y=1f(x,2).
2. Let S be the surface obtain by rotating the smooth curve y = f (x),a < x < b, about the
x-axis, where f (x) > 0.
(a) Show that the vector function

r(x,0) = xi + f (x)cos0j + f (x)sin Ok

Is a parametrization of S, where 0 is tha angle of rotation around the x-axis (see
accompanying figure).

(b) Use Equation (4) to show that the surface area of this surface of revolution is given
by

A= /b 2nf (x)\/1 + [ (x)]?dx.

v
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Solution for Exercise 16

Lor(x,y) = xi+yi+ f(x, y)k = rx(x,¥) = i+ &(x, y)k, 1y (x, ¥) = j+ fi,(x, y)k
ik

10  f(xy)| = —flx,)i—f(x,y)i+k

0 1 f(xy)

= Ioc Xty = /(=60 P2 + (=06 02 + 12 = [l )2 + B (x, 02 + 1

= do = \/fi(x,y)2 + f,(x, y)? + 1dA

2. S is obtained by rotating y = f(x), a < x < b about the x-axis where f(x) > 0

=Xy =

(a) Let (x, y, z) be a point on S. Consider the cross section when x = x*, the cross section is a circle with radius
r = f(x*). The set of parametric equation for this circle are given by y(8) = rcos 8 = f(x*) cos 6 and
2(0 = rsin® = f(x*)sin @ where 0 < 6 < 27. Since x can take on any value between a and b we have
x(x, 0) = x, y(x, 0) = f(x)cos 0, z(x, 0) = f(x)sin O where a < x leband 0 < 6 < 2m. Thus
r(x, 0) = xi+ f(x) cos 0j + f(x) sin Ok = f(x) cos 0, z(x, 0) = f(x)sin @ where a < x < band 0 < 6 < 27.
Thus r(x, 0) = x*i + f(x) cos 6 + f(x) sin Ok
(B) r(x,0) =i+ £/(x) cos 6 + £ (x) sin 6k and rg (x, §) = —F(x) sin 6] + F(x) cos 6k
=1y X g = i f’(x)Jcosa9 f’(x;(sin(? = f(x) - f/(x)i — f(x) cos 0] — f(x)sin Ok
0 —f(x)sinf  f(x)cos@
= Irx X rg| = V(F(x) - F/(x))2 + (= F(X) cos 8) + (—F(x) sin 8)? = f(x)/1 + (F/(x))?

A= [P R )V + (FO0)2dodx = [P [(FevI+(FR) 9]2" dx = [Pamf(x)\/1+ (F/(x)2dx
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Exercises

In the following exercises, integrate the given function over the given
surface.

1. Parabolic cylinder : G(x, y,z) = x, over the parabolic cylinder
y:x2,0§x§2,0§z§3

2. Sphere : G(x,y,z) = x2, over the unit sphere x> + y?> + z?> =1
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Solution for Exercise 17

1. Let the parametrization be r(x, z) = xi + x?j + zk = r, = i + 2xj and

Pk
rr=k=>rxr,=|1 2x 0:2xi+j:>|rx><rz|:\/4x2+1:>ffG(x,y,z)dJ:
o 0 1

fo fo xV4x2 + ldxdz = fo [12 (4x? —|—1)3/2] dz = fo s (17ﬁ— 1) dz = 17\F 1

2. Let the parametrization be r(¢, 8) = (sin ¢ cos 0)i + (sin ¢sin 6)j + (cos )k (spherical

coordinates with p = 1 on the sphere),

0<¢<m0<60 <21 =ry = (cos¢cosb)i+ (cospsinb)j— (sinp)k and

i i k
cospcosf cospsind  —sing
—singsinf  sin¢cosf 0
= (sin? ¢ cos 0)i + (sin? ¢ sin 0)j + (sin ¢ cos p)k = |ry, X rg| =
V/sin® ¢ cos? 0 + sin® ¢ sin? 6 + sin? ¢ cos? ¢ = sin ¢;
x =singcosd = G(x,y,z) = cos?Osin® ¢ = [[ G(x,y,z)do =
S

2T [T (cos? Osin? ¢)(sin ¢)dpdl = [Z7 [T (cos20)(1 — cos? ¢)(sin ¢)dpd0;
[ u=cos¢ } — 0277 fl_l(cos2 0)(u? — 1)dudf = 027r(cos2 0) [”; - u];l do =

rg = (—sin ¢sin 0)i + (sin g cos0)j = ry x 1y =

du = —sin¢pdo
. 2
3 02" cos? 0dh = % [g + —S'"426]07T = %"
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Exercises

In the following exercises, integrate the given function over the given
surface.

1. Portion of plane : F(x,y,z) = z, over the portion of the plane
X+ y + z = 4 that lies above the square 0 < x <1, 0< y <1, in the
xy-plane.

2. Cone: F(x,y,z) =z —x, over the cone z = \/x2+y2, 0< z< 1.

v
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Solution for Exercise 18

1. Let the parametrization be r(x,y) = xi+ yj+ (4 —x—y)k=rr=i—kandr, =j—k
i j ok
Srxr=|1 0 —1ll=it+j+k=|rxxr|=v3= [[F(x,y,z)do =
S

0 1 -1
fol f01(4 — x — y)V/3dydx
0TIV [P TE SRS YO [ S OV

2. Let the parametrization be r(r,0) = (rcos0)i+ (rsin6)j+ rk, 0 < r <1 (since

0<z<1l)and0<6H<2rm
= r, = (cos )i+ (sin 0)j + k and

i ik
cos 0 sinf 1
—rsinf rcosf O
= (—rcosf)i— (rsin@)j+rk = |r, xrg| = \/(—rcos0)2 + (—rsin0)2 +r2 =rV/2;z=r
and x = rcosf
= F(x,y,z) =r—rcosf = [[ F(x,y,z)do = 02" fol(r — rcos@) (r\/i) drdd =
S

rg = (—rsin0)i+ (rcosf)j=rr X rg =

V2 27 [1(1 — cos0)r2drdf = %
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Spherical cap

Integrate H(x,y, z) = yz, over the part of the sphere x> 4+ y? + 2> = 4
that lies above the cone z = \/x2 + y2.
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Solution for Exercise 19

Let the parametrization be r(¢,0) = (2sin ¢ cos 0)i + (2sin ¢ sin 0)j + (2 cos )k (spherical
coordinates with p = 2 on the sphere), 0 < ¢ < 7; x>+ y?+z2=4and
z=/xX24+y2 =224+ 2 =4=72=2= z=1/2 (since z > 0)
¢2cos¢:\/§:\»cos¢:%é(ﬁ:%,OSOSZW;
ry = (2cos ¢ cos )i+ (2cos ¢psinb)j — (2sin p)k and

i j k
2cos¢pcosf 2cos¢psingd —2sing
—2sin¢sinf  2sin¢cosf 0

ro = (—2sin¢sin )i+ (2singpcosf)j = ry X rg =

= (4sin? ¢ cos )i+ (4sin? $sin 0)j + (4sin ¢ cos )k
= |rg X rg| = v/165in* ¢ cos? § + 16sin* psin® 0 + 16sin? cos? ¢ = 4sin ¢; y = 2sin Gsin
and

z=2cos¢ = H(x,y,z) =4cos¢singsind = [[ H(x,y,z)do =
S

2 [7/4(4 cos ¢ sin ¢ sin 0) (4sin ¢)dpdd = [Z™ [T/* 165sin? ¢ cos ¢ sin dpd6 = 0.
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Exercises

In the following exercises, use a parametrization to find the flux

//SF-nda

across the surface in the given direction.

1. Parabolic cylinder : F = z%i + xj — 3zk outward (normal away from
the x-axis) through the surface cut from the parabolic cylinder
z=4—y? by the planesx =0, x =1, and z=0

2. Parabolic cylinder : F = x?j — xzk outward (normal away from the
yz-plane) through the surface cut from the parabolic cylinder y = x?,
—1<x <1, by the planes z=0 and z = 2
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Solution for Exercise 2

1. Let the parametrization be r(x,y) = xi+yj+ (4 —y?)k,0<x <1, —2<y < 2;
z=0=0=4—)7?

i k
=y=x2;rk=iandr, =j—2yk=r.xr,=|1 0 0 |=2yj+k=F ndo
0 1 =2y

=F. %h’x X ry|dydx = (2xy — 3z)dydx = [2xy — 3(4 — y?)]dydx = [ F-ndo
) s

= o [25(2xy +3y? — 12)dydx = [ [xy? +y? — 12y]*  dx = [ —32dx = —32
2. Let the parametrization be r(x,y) = xi + x?j +zk, —1 < x <1, 0< z<2 =1, = i +2xj

andr, = k
"

=rexr,=|1 2x 0|=2xi—j=F-ndo=F- |:X§:Z‘|rx><rz|dzdx:—><2dzdx
0 0 1 o

:>£fF-ndcr: fil f02 —x2dzdx = f%
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Exercises

In the following exercises, use a parametrization to find the flux

//SF-nda

across the surface in the given direction.

1. Sphere : F = zk across the portion of the sphere x> + y? 4+ z%> = a° i

the first octant in the direction away from the origin

n

2. Cylinder : F = xi + yj + zk outward through the portion of the
cylinder x*> + y? = 1 cut by the planes z =0 and z = a
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Solution for Exercise 21

1. Let the parametrization be r(¢, ) = (asin ¢ cos0)i + (asin ¢sin0)j + (acos )k (spherical
coordinates with p = a,a > 0, on the sphere),
0 < ¢ < 5 (for the first octant), 0 < 0 < 7 (for the first octant)
= ry = (acos$cosh)i+ (acos¢sinb)j— (asin )k and
rg = (—asin ¢sin 0)i + (asin ¢ cos 0)j

i j k
=rs X rg =|acospcos acospsind —asing
—asin¢sinf  asin¢cosf 0

= (8% sin? ¢ cos 0)i+(a? sin® ¢ sin B)j+ (a? sin ¢ cos )k = F-ndo = F- |:z ire‘ [ry Xrg|dOdo
= a3 cos? ¢ sin pdfd¢ since
F = zk = (acos p)k = £f F-ndo = foﬂ/Z foﬁ/z a3 cos? ¢ sin pdpdl = szF

2. Let the parametrization be r(0,z) = (cos )i+ (sin0)j+ zk, 0 < z<a,0< 0 <27
(where r = \/x? 4+ y2 =1 on the cylinder) = rg = (—sin 6)i + (cos0)j and

i ik
r;=k=rgxr,=|—sind cosf 0= (cosB)i+ (sinb)j

0 0 1
= F-ndo = F- 12X |r; x r,|dzdf = (cos? 8 + sin? §)dzdf = dzdf, since

[ro xrz]
F = (cos )i+ (sin 0)j + zk
= [[F-ndo = [7™ [?1dzd§ = 27a
S
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Exercises

In the following exercises, use a parametrization to find the flux

//SF-nda

across the surface in the given direction.
1. Cone : F = y?i 4 xzj — k outward (normal away from the z-axis)
through the cone z = 2\/x%2 +y2, 0 <z <2
2. Paraboloid : F = 4xi + 4yj + 2k outward (normal away from the
z-axis) through the surface cut from the bottom of the paraboloid
z=x%+y? by the plane z = 1
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Solution for Exercise 22

1. Let the parametrization be r(r,0) = (rcos0)i+ (rsin8)j+ 2rk, 0 < r <1 (since
0<z<2)and 0< 6 <2rm
= r, = (cos0)i+ (sin0)j+ 2k and rg = (—rsin@)i+ (rcos)j = rg X r, =

i ] k
—rsin® rcos® 0| =(2rcosf)i+ (2rsinf)j—rk = F-ndo=F: |:Z>;::‘|rg X rr|dOdr
cos ) sinf 2

= (2r3sin2 0 cosd + 4r3 cos Osin O + r)dOdr since F = (r?sin 0)i 4 (2r2 cos 0)j — k
= [[F-ndo = f02” f01(2r3sin29 cosf + 4r3 cosfsin@ + r)drdd =
S

02”(%sin20c050 + cosfsinf + %)d@ = [%sin39+ %sinzﬁ—&- %0}3” =7

2. Let the parametrization be r(r,0) = (rcos6)i+ (rsin0)j+ r’k, 0 < r < 1 (since
0<z<1l)and0< 6 <2rm
= r, = (cos 0)i+ (sin 0)j + 2rk and

i i k

rg = (—rsinf)i+ (rcos@)j=rg xr, = [—rsinf rcosf 0=
cos sinf  2r

(2r2 cos )i+ (2r?sin0)j — rk = F -ndo = F - I:Zi::l [ro X rr|dOdr

= (8r3cos? 0 + 8r3sin? 0 — 2r)dOdr = (8r3 — 2r)dOdr since
F = (4rcosf)i+ (4rsinf)j+2k = [[F-ndo = 027r f01(8r3 — 2r)drdf = 2w
S
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